Abstract-By employing multiple antennas at the transmitter and the receiver sides, massive multiple input, multiple output (MIMO) schemes allow significant capacity gains. However, the implementation complexity inherent to the use of several tens or even hundreds of antennas might be too high, precluding the use of transmission techniques associated to conventional MIMO systems. In this paper we consider massive MIMO schemes employing 1-bit digital-to-analog converters (DACs) at the transmitter side. We present an analytical method for obtaining the statistical characterization of the transmitted signals. This statistical characterization allows a simple and accurate performance evaluation. It is shown that, although the nonlinear distortion effects associated to the use of 1-bit DACs can be very high, their impact on the system's performance can be minimized by employing more antennas at the transmitter side than at the receiver side. Therefore, massive MIMO systems with 1-bit DACs can be an interesting option for future broadband wireless systems.
INTRODUCTION
Due to the ever increasing data rates for wireless systems, the transition from 4G to 5G systems will require a huge capacity increase (about 1000-fold) [1] . To achieve this ambitious target, 5G systems are expected to combine massive massive multiple input, multiple output (MIMO) techniques with mm-wave communications [1] . On one hand, the spectral efficiency of MIMO systems can be much higher than that of single-input, single-output (SISO) systems [2] [3] [4] , and, by employing tens of even hundreds of antennas at both the transmitter and the receiver side one can achieve huge spectral efficiency [5] . On the other hand, the high available bands at mm-wave frequencies allow huge bit rates, even with single-antenna systems [6, 7] moreover, the small wavelength associated to mm-wave frequencies allows the implementation of a large number of antennas in a small space, enabling massive MIMO implementations [8] .
However, the implementation complexity associated to massive MIMO systems can be very high, namely due to signal processing requirements. The situation can be particularly serious in those systems operating at mm-wave frequencies, where the analog components, especially the digital-to-analog converters (DACs) and power amplifiers, can also be complex. Therefore, massive MIMO schemes cannot be regarded as scaled versions of conventional MIMO techniques, and low complexity implementations are required [5] . For this reason, it is desirable to employ lowresolution DACs, as well as low-complexity, efficient power amplifiers. Massive MIMO systems with low-resolution quantizers have been considered recently in the literature for both single-carrier (SC) [9, 10] and multicarrier (MC) transmission schemes [11] . However, to the author's knowledge, there is no study about the theoretical bit error rate (BER) of nonlinear massive MIMO systems employing SVD schemes.
In this paper we consider single-carrier modulations employing massive MIMO systems with 1-bit DACs. This means very low complexity DACs, as well as low precision pre-coding operations. Moreover, the signals associated to each antenna will be quadrature phase shift keying (QPSK) or offset QPSK (OQSPK), which allows a simpler and more efficient power amplification. However, one might expect high nonlinear distortion effects due to the use of 1-bit quantizers. We present an analytical method for studying the performance of massive MIMO systems with 1-bit DACs. For this purpose, we take advantage of the Gaussian-like nature of the signals associated to each transmit antenna when appropriate pre-processing techniques are employed, which allows us to characterize statistically the signals to be transmitted. It is shown that although the nonlinear distortion levels for the signals associated to each transmit antenna can be high, that is not the case at the detection level, provided that the number of transmit antennas is larger than the number of simultaneous data streams. This means that massive MIMO schemes with 1-bit DACs can be particularly interesting when we have much more transmit antennas than receive antennas. This paper is organized as follows: Section 2 describes the system model that is considered throughout this paper and Section 3 presents the statistical characterization of the transmitted signals. This statistical characterization is employed in Section 4 for the performance evaluation of our system. Finally, Section 5 concludes the paper.
In this paper we will adopt the following notation: italic letters denote scalars and bold letters denote matrices or vectors. Matrices are denoted by bold-face capital letters and vectors are denoted by bold-face small letters. (·) H denotes the Hermitian operator (i.e., the transpose of the conjugate matrix). The probability density function (PDF) of the random variable x, p x (x), is simply denoted by p(x). E[·] denotes the average value.
SYSTEM CHARACTERIZATION
In this section we describe the massive MIMO system adopted in this work. Throughout this paper we assume a singular value decomposition (SVD) transmission scheme [12] , although the main conclusions could be extended to other transmission schemes (e.g., to a zero forcing (ZF)) pre-processing scheme). With the SVD, we have a pre-processing operation at the transmitter and a detection operation on the receiver. The basic transmission chain is depicted in Fig. 1 . We consider a spacial multiplexing scheme where C independent data streams are simultaneously transmitted over the same MIMO channel. The transmitter has T antennas and the receiver has R antennas. Without loss of generality, we assume T ≥ R and C = min(T, R) (the generalization to other cases is straightforward). The cth data stream is represented by s n = [s
n ] and the samples to be transmitted are
n ]. However, since 1-bit quantizers are employed on the stream associated to each antenna, the sampled version of the signal transmitted is y n = [y
n ]. Therefore, the continuous-time signal actually transmitted at the tth transmit antenna is
where y
n )) = ±1 ± j, with Re(·) and Im(·) denoting the real and imaginary parts of x and sign(·) denotes the well-known sign function. In (1), T S denotes the sampling interval (i.e., the sampling rate is equal to the symbol rate) and h R (t) denotes the impulse response of an appropriate interpolation filter (e.g., a square-root raised cosine filter with 3 dB band 1/2T S ).
The signals are transmitted over the MIMO channel characterized by the R×T matrix H, whose each element has a complex Gaussian distribution with unitary variance. According to the SVD, this matrix can be decomposed as
where A and B are appropriate unitary matrixes and
where λ (c) is the singular value associated to the cth stream. In this case, the pre-processing matrix is B H and the detection matrix is A H . Therefore, the precoded signal is given by
The received signal associated to the cth data stream is r n = [r
n ], where
with
where
n ] denotes the additive white Gaussian noise (AWGN) samples. In fact, it can easily be shown that r n = Λs n + ν n ,
denotes the equivalent noise for detection purposes, which has the same statistical properties of ν n . Therefore, if we had ideal DACs (i.e., with infinite precision) and QPSK constellations with Gray mapping, the BER for the cth data stream considering a given channel realization would be
where Q(·) denotes tail probability of a standard normal distribution, E b denotes the average bit energy and N 0 represents the one-sided power spectral density (PSD) of the channel noise. However, since we are considering 1-bit DACs, there will be some performance degradation. In the following, we will show how one can statistically characterize the transmitted signals and, by using that characterization, obtain the resulting performance.
SIGNAL CHARACTERIZATION
Due to the nonlinear nature of quantizers in general, and of the 1-bit quantizers inherent to our DACs in particular, the statistical characterization of the transmitted signals is very difficult. However, for massive MIMO systems the pre-processing matrix B H can have very large dimensions. This fact, combined with the almost uncorrelated nature of the data streams, means that the signals to be transmitted x n are approximately Gaussian (see the probability density function (PDF) of the real and imaginary part of the signals at the input of each DAC depicted in Fig. 2 , where we can observe a close matching with a Gaussian PDF, even for the relatively small value of T = 8).
Thus, due to the Gaussian nature of x n , we can employ the Bussgang's theorem [13, 14] , which mean that the signals at the output of the DACs can be written as
i.e., y n can be decomposed as the sum of an useful component, proportional to x n and a nonlinear distortion component
n ]. The nonlinear distortion component is uncorrelated with the useful component. Additionally, since the x (t) n associated to the different DACs are almost uncorrelated, the corresponding d
n components are also almost uncorrelated between different DACs. Moreover, since the data symbols are stationary and uncorrelated in time, the same applies for d
n | 2 ]δ n,n , with δ n,n denoting the Kronecker delta. Therefore, as is shown in Fig. 3 , the PSD of the nonlinear distortion component associated to a given DAC will be flat and the same applies for y (t) n . Under these conditions, the PSD of the signal transmitted by the tth antenna (i.e., associated to the tth DAC) will be with H R (f ) denoting the Fourier transform of h R (t), which means that the PSD of the transmitted signals has the same shape without quantization (ideal DACs) and with 1-bit DACs.
As the input power of each DAC is the same, the scale factor α is identical for all transmitter branches and obtained as [15] 
where f (x) is the quantization function and p(x) denotes the PDF of the real and imaginary parts of x n , which are N (0, σ 2 ), and σ 2 their variance (see Fig. 2 ). For our 1-bit DACs, it can be easily shown that
Moreover, the total power of the useful component is
and the power of the nonlinear distortion component is
since P y = 2. This means that the SIR (Signal-to-Interference Ratio) is given by
i.e., about 2.4 dB, which is very low value. Therefore, one might expect a very poor performance when 1-bit DACs are employed. Although this is true in general, we show in the following that this is not necessarily the case for massive MIMO systems.
PERFORMANCE EVALUATION
In this section we show how one can take advantage of the statistical characterization of the transmitted signals to obtain the analytical BER performance (conditioned to a given channel realization) of massive MIMO systems with 1-bit DACs. From (12) , the received signal is now given by r n = αΛs n + ΛBd n + A H ν n = αΛs n + Λd n + ν n .
For massive MIMO systems, the term d n can be shown to be approximately Gaussian (contrarily to the term d n ). Therefore, the nonlinear distortion component can be regarded as an additional noise term that is added to the Gaussian noise. After some straightforward but lengthy mathematical manipulations, the BER for the cth data stream associated to a given channel realization is shown to be
denotes the fraction of the transmit power that is wasted on the nonlinear distortion component. For our 1-bit DACs, we have η = 2/π ≈ −2 dB. By averaging (18) over the C data streams we can obtain analytically the BER performance for a given channel realization. It is important to note that for high values of E b /N 0 , we have an irreducible BER floor given by
which decreases with T/R, i.e., by increasing the number of transmit antennas T we can improve the performance. However, a degradation of 2 dB relatively to the ideal linear transmission case (no quantization) is unavoidable due to the power spent (wasted) in the nonlinear distortion component. Figure 4 shows the theoretical and simulated BER performance for each of the C data streams when R = 8 and T = 64. Clearly, there is a close match between theoretical and simulated results, with only small differences for large E b /N 0 values. This is a remarkable result, since the number of uncorrelated data streams is relatively low (C = R = 8). For larger values of R, the matching between theory and simulation is even better. Figure 5 shows the impact of the number of transmit antennas T on the BER performance when we fix R = C = 8. Clearly, the BER performance improves substantially as we increase T/R (although we cannot avoid the degradation relatively to the linear transmission case -about 2 dB for large values of T/R). Once again, there is a close matching between theoretical and simulated results. These results show that it is possible to have low complexity massive MIMO transmitters based on 1-bit DACs, without significantly compromising the performance.
CONCLUSIONS
In this paper we considered low-complexity, massive MIMO transmitters that employ 1-bit DACs. We presented an analytical method for obtaining the statistical characterization of the transmitted signals. This statistical characterization was then employed for obtaining analytically the PSD of the transmitted signals, as well as the BER performance conditioned to a given channel realization. It was shown that, although the nonlinear distortion effects associated to the use of 1-bit DACs are very strong, their impact on the system's performance can be minimized by employing more antennas at the transmitter side than at the receiver side. Therefore, massive MIMO systems with 1-bit DACs can be an interesting option for future broadband wireless systems.
